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Chapter 11.
Mechanics in Noninertial Frames
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Outline

In chapter 2, we saw that Newton’s second law is valid only in inertial reference
frames - those which are neither accelerating nor rotating. Since then, we have been
considering only physical problems that take place in these inertial frames. However,
there are some everyday situations where the acknowledgement of a noninertial
frame is unavoidable. One example is the description of an object moving within an
accelerating car. Another very important noninertial frame is the earth, which rotates
about its axis; in some cases, this rotation produces a noticeable effect that can only
be explained as a result of the noninertial aspect of the geometry. In this chapter, we
will analyze this type of problem.
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Acceleration without Rotation

Acceleration without Rotation JRT §9.1

Consider a frame S0 and a second frame S that is accelerating relative to S0 with
acceleration A = V̇ (the capital letter is used to denote properties of S.) One
example might be that S0 is the (fixed) earth and S is a frame fixed in an
accelerating railroad car. Now, suppose that passengers in the car are playing catch
with a ball of mass m; we wish to consider the motion of the ball.

Because S0 is inertial, we know that Newton’s second law holds, so

mr̈0 = F, (11.1)

where r0 is the ball’s position relative to S0 and F is the net force on the ball. Now
consider the same ball’s motion as measured relative to the accelerating frame S.
The ball’s position relative to S is r, and, by vector addition, the velocity ṙ relative to
S is related to ṙ0 as

ṙ0 = ṙ + V. (11.2)
That is, the ball’s velocity relative to the ground = the ball’s velocity relative to the car
+ the car’s velocity relative to the ground.

Differentiating and rearranging, we find that r̈ = r̈0 − A. Inserting this into eq. (11.1),
we find that

mr̈ = F −mA. (11.3)
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Acceleration without Rotation

Acceleration without Rotation cont’ JRT §9.1

The preceding equation looks exactly like Newton’s second law, except that in
addition to F, the sum of all forces identified in the inertial frame, there is an extra
term on the right equal to −mA. This is referred to as the inertial force, which is
directed opposite to the acceleration,

Finertial = −mA. (11.4)

You have undoubtedly noticed this inertial force in everyday life. When seated in a
plane that accelerates down the runway, from your point of view, there is a force that
pushes you backward. Or, perhaps you have taken a ride in the “gravitron” at a
carnival; there, as you spin around in a circle, the centrifugal force pushes you
outward. In the earth’s frame, this is a “fictitious” force, but in your reference frame
(which is accelerating relative to the earth,) the force is very real.
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Acceleration without Rotation

Example #1: A Pendulum in an Accelerating Car JRT ex. 9.1

Problem: Consider a simple pendulum (mass m, length L ) mounted inside a railroad car that is accelerating to the
right with constant acceleration A, as shown in the figure bel ow. Find the angle φeq at which the pendulum will
remain at rest relative to the moving car, and find the frequen cy of small oscillations about this equilibrium angle.

Solution: As observed in any inertial frame, there are two forces on the mass, the tension in the string T and the gravitational
force mg, and thus mr̈0 = T + mg. In the noninertial frame of the accelerating car, the equation of motion is

mr̈ = T + mg −mA. (11.5)

This can be simplified by combining the two accelerations:

mr̈ = T + m(g − A) = T + mgeff (11.6)

where geff = g −A. We see that the pendulum’s equation of motion in the accelerating frame of the car is identical to that in an
inertial frame, except that g has been replaced by geff.

If the pendulum is to remain at rest in the frame of the car, then r̈ must be zero, so that T must be exactly opposite to mgeff.
From the figure, we see that

φeq = tan−1(A/g). (11.7)

As for the small-amplitude oscillation, all we need to do is to use the common relation ωi =
√

g/L , but replace g with

geff =
√

g2 + A2 . As a result,

ωni =

√

√

g2 + A2

L
= ωi

√

1 + (A2/g2). (11.8)

Fig. 1: A pendulum is suspended from the roof of a railroad car with constant acceleration A - see JRT Fig. 9.1
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The Tides

The Tides JRT §9.2

One readily observable result of the inertial force is the explanation of the tides.
Tides result from the bulges in the earth’s oceans caused by the gravitational
attraction of the moon and sun; as the earth rotates, people on the earth’s surface
move past these bulges and experience a rising and falling of the local sea level.

We begin our analysis by making the initial simplification that the moon’s gravitational
pull is the primary influence on the tides; this may seem non-sensical since the
gravitational pull of the sun on the earth is clearly greater than that of the moon, but
we will eventually see why this assumption is valid. We will also assume that the
oceans cover the entire globe. Figure 2(a) shows one plausible - but incorrect -
explanation for the tides; that the moon’s attraction pulls the oceans toward it.
However, this doesn’t match up with empirical observations; as the earth rotates, a
single bulge would cause just one high tide per day, rather than the observed two.

Fig. 2: (a) Incorrect explanation of the tides. (b) Correct explanation of the tides - see JRT Fig. 9.2
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The Tides

The Tides cont’ JRT §9.2

The correct observation, shown in Fig. 2(b) is a bit more complicated. The dominant
effect of the moon is to give the earth (oceans and all) an acceleration A toward the
moon. This is the centripetal acceleration of the earth as the moon and earth circle
their common center of mass; it is almost exactly the same as if all of the earth’s
mass was concentrated at its center.

This centripetal acceleration of any object on earth, as it orbits with the earth,
corresponds to the pull of the moon that the object would feel at the earth’s center.
Now, any object on the moon side of the earth is pulled by the moon with a force that
is slightly greater than it would be at the center, while any object on the far side from
the moon is pulled with a force that is slightly weaker than it would be at the center.
Therefore, the objects on the moon side behave as if they have an extra attraction to
the moon (relative to the center of the earth), while objects on the far side behave as
if they were slightly repelled by the moon (again, relative to the center of the earth.)
As a result, the bulge of the oceans occurs in both directions, leading to two high
tides per day.
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The Tides

The Tides cont’ JRT §9.2

Now let’s put this explanation on a more quantitative footing. Figure 3 shows the
earth and moon (mass Mm,) and a mass m at a point near the earth’s surface. The
forces on m are (1) the gravitational pull, mg, of the earth, (2) the gravitational pull,
−GMmmd̂/d2, of the moon, and (3) the net non-gravitational force Fng, the sum of all
other forces experienced by the mass (for instance, the buoyant force on a drop of
sea water in the ocean.) Meanwhile, the acceleration of the earth’s center (O) is

A = −GMm

d2
0

d̂0 (11.9)

where d0 is the position of the earth’s center relative to the moon.

Fig. 3: A mass m near the earth’s surface has position r
relative to the earth’s center and d relative to the moon. The
vector d0 is the position of the earth’s center relative to the
moon’s - see JRT Fig. 9.3
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The Tides

The Tides cont’ JRT §9.2

We then find that

mr̈ = F −mA (11.10)

=

(

mg − GMmm
d2

d̂ + Fng

)

+
GMmm

d2
0

d̂0

or, if we combine the terms that involve Mm,

mr̈ = mg + Ftid + Fng (11.11)

where we have defined the tidal force

Ftid = −GMmm

(

d̂
d2
− d̂0

d2
0

)

; (11.12)

Ftid is the difference between the actual force of the moon on m and the
corresponding force if m were at the center of the earth. This term contains the
entire effect of the moon on the motion (relative to the earth) of any object near the
earth’s surface.
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The Tides

The Tides cont’ JRT §9.2

Referring to Fig. 5, at a point facing the moon (P), the vectors d and d0 point in the
same direction, but d < d0. Thus, the tidal force points toward the moon. At the
opposite point R, the vectors again point in the same direction, but d > d0, so that
the tidal force points away from the moon. At points Q and S, the tidal force points
inward toward the earth’s center (provided that |d| ≫ Re , as is the case here).

Fig. 4: A mass m near the earth’s surface has position r
relative to the earth’s center and d relative to the moon. The
vector d0 is the position of the earth’s center relative to the
moon’s - see JRT Fig. 9.3

Fig. 5: The tidal force Ftid at four different points on the
earth’s surface - see JRT Fig. 9.4
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The Tides

The Tides - Magnitude JRT §9.2

To calculate the height difference between high and low tides, we observe that the
surface of the ocean is an equipotential surface - a surface of constant potential
energy. Since both the gravitational force mg and the tidal force Ftid are
conservative, each can be written as the gradient of a potential energy,

mg = −∇Ueg, and Ftid = −∇Utid (11.13)

where Ueg is the potential energy due to the earth’s gravity and Utid is that of the tidal
force. By inspection of eq. (11.12),

Utid = −GMmm

(

1
d
+

x
d2

0

)

. (11.14)

The statement that mg + Ftid is normal to the surface of the ocean can be rephrased
to say that ∇(Ueg + Utid) is normal to the surface, which in turn implies that
U = (Ueg + Utid) is constant on the surface.

Since U is constant on the surface, it follows that (see Fig. 6) U(P) = U(Q), or

Ueg(P) − Ueg(Q) = Utid(Q) − Utid(P). (11.15)

But the left-hand side of this equation is just Ueg(P) − Ueg(Q) = mgh, where h is the
required difference between high and low tides (the difference between the lengths
OP and OQ in the figure.)
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The Tides

The Tides - Magnitude cont’ JRT §9.2

To find the right-hand side of eq. (11.15) we must evaluate the two tidal potential
energies Utid(Q) and Utid(P), from their definition in eq. (11.14). At point Q , we see

that d =
√

d2
0 + r2 (with r ≈ Re) and x = 0. Thus,

Utid(Q) = − GMmm
√

d2
0 + R2

e

= − GMmm

d0

√

1 + (Re/d0)2
. (11.16)

Then, since Re/d0 ≪ 1, we can use a binomial expansion to give

Utid(Q) ≈ −GMmm
d0

(

1 − R2
e

2d2
0

)

. (11.17)

Fig. 6: Illustration of the method by which we calculate the difference h between high and low tides - see JRT Fig. 9.5
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The Tides

The Tides - Magnitude cont’ JRT §9.2

A similar calculation gives

Utid(P) ≈ −GMmm
d0

(

1 +
R2

e

d2
0

)

. (11.18)

Combining the last 4 equations gives

mgh =
GMmm

d0

3R2
e

2d2
0

. (11.19)

But remember that by definition, g = GMe/R2
e , and thus

h =
3
2

MmR4
e

Med3
0

. (11.20)

Inserting the appropriate numerical values, we find that the height of the tides, due
to the moon alone, is h = 54 cm.

We can calculate the height of the tides due to the sun alone by substituting the
sun’s mass and the sun-earth distance into the previous equation, resulting in h = 25
cm. This is smaller than the case of the moon’s influence alone. Although the ratio of
the sun’s mass to the moon’s mass is ≈ 2.7 × 107, the inverse ratio of their distance
from the earth cubed is ≈ 1.7 × 10−8. For this reason, the effect of the moon is the
most prominent.



PC235 Winter 2013 — Chapter 11. Mechanics in Noninertial Frames — Slide 14 of 47

The Tides

The Tides - Magnitude cont’ JRT §9.2

Of course, the contribution of the sun and the moon must be summed in a vector
sense. With reference to Fig. 7, when the sun, earth, and moon are approximately in
line, the two influences reinforce each other, and the height of the tides is h = 54 +
25 = 79 cm. On the other hand, if the sun, earth, and moon form a right angle, then
the two tidal effects cancel, and we have h = 54 - 25 = 29 cm.

Fig. 7: The height of the tides depends on the relative positions of the moon, sun, and earth - see JRT Fig. 9.6
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The Angular Velocity Vector

The Angular Velocity Vector JRT §9.3

For the remainder of this chapter, we shall discuss the motion of objects as seen in
reference frames that are rotating relative to an inertial frame. To begin, we need to
introduce some new concepts and notations.
We will consider the rotating axes to be fixed within a rigid body. Often, the body is
rotating about a line that is fixed within some inertial frame - for example, a record
player spinning on a fixed axle. On the other hand, the body may rotate about a line
that itself is moving, as with a baseball that spins as it flies through the air. In the
latter case, as in the last chapter, we can always solve for the CM motion of the
body, and then solve the rotational problem in this CM frame, where at least one
point is effectively fixed.
For rotational problems, we need to specify both the rate of rotation and the axis
about which the rotation occurs. The direction of the axis of rotation can be specified
by the unit vector u and the rate by the number ω = dθ/dt . For example, a carousel
could be rotating about a vertical axis (u is directed vertically) at a rate of ω = 10
rad/min. Together, the rate and direction form an angular velocity vector, ω = ωu.

There still remains some ambiguity about the direction of u and ω - for the
merry-go-round, do these vectors point upward or downward? The answer lies in the
right-hand rule; using your right hand, if you curl your fingers along the direction of
rotation, then your thumb points in the direction of u and ω.



PC235 Winter 2013 — Chapter 11. Mechanics in Noninertial Frames — Slide 16 of 47

The Angular Velocity Vector

The Angular Velocity Vector cont’ JRT §9.3

We will also make use of the following relation between the angular velocity of a
body and the linear velocity of any point in the body. Consider the earth, which
rotates about an axis that passes through its poles, with origin O . Next, consider any
point P fixed on the earth (like the chair in which you currently sit) - P lies at a
position r relative to O . We can specify r by its spherical polar coordinates (r , θ, φ),
so that θ is the colatitude - the latitude measured down from the North Pole rather
than up from the equator. As the earth spins, P is dragged in an easterly direction
around a circle at this colatitude, with radius ρ = r sinθ, as shown in Fig. 8. This
means that P moves with speed v = ωr sinθ and hence the velocity of P is

v = ω × r. (11.21)

Fig. 8: The earth’s rotation drags the point P on the
surface around a circle of radius ρ = r sinθ and velocity
v = ω × r - see JRT Fig. 9.7
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The Angular Velocity Vector

The Angular Velocity Vector cont’ JRT §9.3

The preceding relation is just a generalization of the relation v = rω for the speed of
a point undergoing circular motion. It can be cast in more general terms by noting
that if e is any unit vector fixed in the rotating body, then its rate of change as seen
from the non-rotating frame is de

dt
= ω × e, (11.22)

which is merely a generalization of the preceding equation. A final basic property of
angular velocities is that relative angular velocities add in the same way as relative
translational velocities. In the translational case, we have

v31 = v32 + v21. (11.23)

Suppose that frame 2 is rotating at ω21 with respect to frame 1 (both frames have
the same origin O) and that body 3 is rotating about O with angular velocities ω31

and ω32 relative to frames 1 and 2. Now, consider any point r fixed in body 3. Its
translational velocities relative to frames 1 and 2 must satisfy the previous equation.
By eq. (11.21), this means that

ω31 × r = (ω32 × r) + (ω21 × r) = (ω32 +ω21) × r (11.24)

and, since this must be true for any r, it follows that

ω31 = ω32 +ω21. (11.25)
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Time Derivatives in a Rotating Frame

Time Derivatives in a Rotating Frame JRT §9.4

In labeling angular velocities, we shall use the following convention: a lower-case ω
is used for the angular velocity of the body whose motion is our primary object of
interest. A capital Ω is used for the angular velocity of a noninertial, rotating
reference frame relative to which we would like to calculate the motion of one or
more objects. In most problems, Ω is known.

We can now consider the equations of motion for an object that is viewed from a
frame S that is rotating with angular velocity Ω relative to an inertial frame S0. The
most important example is a frame attached to the earth, for which

Ω =
2π rad

24 × 3600 s
≈ 7.3 × 10−5 rad/s [earth]. (11.26)

This seems small - and it is, for many purposes. However, we shall see that the
earth’s rotation does have measurable effects on the motion of projectiles,
pendulums, and other systems.

We shall assume that the two frames S0 and S share a common origin O as in Fig.
9. For instance, O might lie at the center of the earth, and S might be a set of axes
fixed to the earth (which is convenient for our everyday observations, but noninertial)
while S0 is a set of axes fixed relative to the distant stars (which is inertial, but
inconvenient to deal with “terrestrial” problems.)
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Time Derivatives in a Rotating Frame

Fig. 9: The frame S0 defined by the dashed axes is
inertial. The frame S defined by the solid axes shares the
same origin O but is rotating with angular velocity Ω relative
to S0 - see JRT Fig. 9.8

Time Derivatives in a Rotating Frame cont’ JRT §9.4

Let us consider an arbitrary vector Q. We wish to relate the time rate of change of Q
as measured in frame S0 to the corresponding rate as measured in S; in the
upcoming equations, the frame in question appears as a subscript.

To compare these rates of change, we expand the vector Q in terms of three
orthogonal unit vectors e1, e2, and e3, that are fixed in the rotating frame S. Thus,

Q = Q1e1 + Q2e2 + Q3e3 =

3
∑

i=1

Qiei . (11.27)
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Time Derivatives in a Rotating Frame

Time Derivatives in a Rotating Frame cont’ JRT §9.4

This expansion is chosen for the convenience of the observers in S, since the unit
vectors are fixed in that frame. The expansion is still valid in S0, the only difference
being that observers in that frame see the vectors e1, e2, and e3 as rotating in time.

We can now differentiate eq. (11.27) with respect to time. First, since the basis
vectors are constant in S, we simply get

(

dQ
dt

)

S
=

∑

i

dQi

dt
ei . (11.28)

In S0, since the basis vectors are rotating, we require the product rule, for which we
get (

dQ
dt

)

S0

=
∑

i

dQi

dt
ei +

∑

i

Qi

(dei

dt

)

S0

. (11.29)

The last derivative in this equation is easily evaluated with the help of eq. (11.22).
The vector ei is fixed in the frame S, which is rotating with angular velocity Ω relative
to S0. Therefore, the rate of change of ei as seen in S0 is

(dei

dt

)

S0

= Ω × ei . (11.30)
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Time Derivatives in a Rotating Frame

Time Derivatives in a Rotating Frame cont’ JRT §9.4

Thus, we can rewrite the second sum in eq. (11.29) as
∑

i

Qi

(dei

dt

)

S0

=
∑

i

Qi(Ω × ei) = Ω ×
∑

i

Qiei = Ω ×Q. (11.31)

And finally, combining the above 4 equations, we get

(

dQ
dt

)

S0

=

(

dQ
dt

)

S
+Ω ×Q. (11.32)

This identity relates the derivative of any vector Q as measured in the inertial frame
S0 to the corresponding derivative in the rotating frame S. It is conceptually identical
to the inertial force term that we appended to our previous discussion of frames
undergoing linear acceleration.
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Newton’s Second Law in a Rotating Frame

Newton’s Second Law in a Rotating Frame JRT §9.5

We are now ready to derive Newton’s second law in the rotating frame S. To simplify
the problem, we assume that the angular velocity Ω of S relative to S0 is constant,
as is the case for axes fixed to the rotating earth. Consider a particle of mass m and
position r. In the inertial frame S0, the particle obey’s Newton’s second law in its
normal form,

m

(

d2r
dt2

)

S0

= F (11.33)

where as usual, F denotes the vector sum of all forces identified in the inertial frame.
The (second) derivative on the left is the derivative evaluated by observers in the
inertial frame S0. We can use eq. (11.32) to express this derivative in terms of the
derivatives evaluating in the rotating frame S. According to (11.32),

(dr
dt

)

S0

=
(dr

dt

)

S
+Ω × r. (11.34)

Differentiating a second time, we find
(

d2r
dt2

)

S0

=
( d
dt

)

S0

(dr
dt

)

S0

=
( d
dt

)

S0

[(dr
dt

)

S
+Ω × r

]

.

(11.35)
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Newton’s Second Law in a Rotating Frame

Newton’s Second Law in a Rotating Frame cont’ JRT §9.5

Applying eq. (11.32) once again to the outside derivative on the right, we find
(

d2r
dt2

)

S0

=
( d
dt

)

S

[(dr
dt

)

S
+Ω × r

]

+Ω ×
[(dr

dt

)

S
+Ω × r

]

. (11.36)

This is a bit messy, but we can clean it up. First, since our main concern is going to
be with derivatives evaluated in the rotating frame S, we can return to the “dot”
notation for these derivatives. That is,

Q̇ ≡
(

dQ
dt

)

S
. (11.37)

We next note that, since Ω is constant, its derivative is zero. Thus, we can rewrite
eq. (11.36) as (

d2r
dt2

)

S0

= r̈ + 2Ω × ṙ +Ω × (Ω × r). (11.38)

Where the dots on the right all indicate derivatives with respect to the rotating frame
S. Substituting this into Newton’s second law from the previous slide, we get

mr̈ = F + 2mṙ ×Ω+ m(Ω × r) ×Ω. (11.39)
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Newton’s Second Law in a Rotating Frame

Newton’s Second Law in a Rotating Frame cont’ JRT §9.5

As with the accelerated frame that we encountered at the beginning of this chapter,
we see that the equation of motion in a rotating reference frame looks just like the
inertial version of Newton’s second law, except that now there are two extra terms on
the force side of the equation. The first of these terms is the Coriolis force,

Fcor = 2mṙ ×Ω. (11.40)

The second is the centrifugal force,

Fcf = m(Ω × r) ×Ω. (11.41)

We will discuss these forces and their effects in the next few sections. For now, the
important point to realize is that we can still use Newton’s second law in rotating
frames, provided that we remember to add these two “fictitious” inertial forces to the
net force F calculated for an inertial frame. That is, in a rotating frame,

mr̈ = F + Fcor + Fcf. (11.42)
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The Centrifugal Force

The Centrifugal Force JRT §9.6

To a certain extent, it is possible to analyze the Coriolis and centrifugal forces
separately. The Coriolis force is proportional to an object’s velocity relative to the
rotating frame; it is zero for stationary objects and negligible for objects that are
moving sufficiently slowly. The relative importance of the two fictitious forces with
respect to the earth’s rotation can be estimated by order of magnitude,

Fcor ∼ mvΩ, Fcf ∼ mrΩ2, (11.43)

where v is the object’s speed relative to the rotating frame. Therefore,

Fcor

Fcf
∼ v

RΩ
∼ v

V
. (11.44)

Here, in the middle expression, we have replaced r with the earth’s radius R, and in
the last expression, we have replaced RΩ with V , the speed of a point on the
equator as the earth rotates. This speed is about 1000 mi/h, so for projectiles with
v ≪1000 mi/h, the Coriolis force can be ignored unless the motion persists for
a long time.

The centrifugal force, Fcf = m(Ω × r) ×Ω, can be visualized with the help of Fig. 10,
which shows the motion of an object on or near the earth’s surface at a colatitude θ.
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The Centrifugal Force

The Centrifugal Force cont’ JRT §9.6

In this figure, the earth’s rotation carries the object around a circle, and the vector
Ω× r - which is just the velocity of this circular motion as seen from a rotating frame -
is tangent to this circle. Thus, the vector (Ω × r) ×Ω points radially outward from the
axis of rotation in the direction of ρ̂, the unit vector in the ρ direction of cylindrical
polar coordinates. The magnitude of (Ω × r) ×Ω is Ω2r sinθ = Ω2ρ. Thus,

Fcf = mΩ2ρρ̂. (11.45)

In summary, from the point of view of observers rotating with the earth, there exists a
centrifugal force that is directed radially outward from the earth’s axis (not the earth’s
center).

Fig. 10: Geometry of the centrifugal force in a rotating
reference frame - see JRT Fig. 9.9
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The Centrifugal Force

The Centrifugal Force - Free-Fall Acceleration JRT §9.6

Up until now, we have associated free-fall motion near the earth’s surface with the
constant acceleration g. We will see here that this concept is not as simple as we
have been making it out to be. Relative to the earth, the equation of motion for an
object under the influence of gravity is

mr̈ = Fgrav + Fcf, (11.46)

where Fcf is given by eq. (11.45) and

Fgrav = −
GMm

R2
r̂ = mg0. (11.47)

Here, M and R are the mass and radius of the earth, and r̂ represents the unit vector
that points radially out from O , the center of the earth. Throughout this chapter, we
will approximate the earth as a perfect sphere. The acceleration g0 as defined above
is the acceleration that we would observe if there were no centrifugal effect (i.e. if the
earth suddenly stopped spinning on its axis.)

We see from eq. (11.46) that the initial acceleration of a freely falling object in a
rotating reference frame is determined by an effective force,

Feff = Fgrav + Fcf = mg0 + mΩ2R sinθρ̂ (11.48)

where the last expression substitutes R sinθ for ρ.
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The Centrifugal Force

The Centrifugal Force - Free-Fall Acceleration cont’ JRT §9.6

Figure 11 shows these two forces. It is clear that the free-fall acceleration in general
is not equal to the true gravitational acceleration, either in magnitude or direction
(although the direction is the same when the object lies on the equator.) Specifically,
the free-fall acceleration g is

g = g0 +Ω2R sinθρ̂. (11.49)

The component of g in the inward radial direction is

grad = g0 −Ω2R sin2 θ. (11.50)

Clearly, the centrifugal term is zero at the poles (θ = 0 or π) and is largest at the
equator, where its magnitude is Ω2R ≈ 0.034 m/s2. Since g0 is about 9.8 m/s2, we
see that the value of g at the equator is about 0.3% less than at the poles.

Fig. 11: A polar cross-section of the earth, to illustrate the
effect of centrifugal force on gravity - see JRT Fig. 9.10
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The Centrifugal Force

The Centrifugal Force - Free-Fall Acceleration cont’ JRT §9.6

The tangential component of g (the component normal to the true gravitational force)
is gtang = Ω2R sinθ cosθ. (11.51)
It is zero at the poles and the equator and is maximum at a latitude of 45◦ in both the
northern and southern hemispheres. The existence of a nonzero gtang means that
the free-fall acceleration is not exactly in the direction of the true gravitational force.
As can be seen from Fig. 12, the angle between g and the radial direction is
approximately α ≈ gtang/grad. On the earth, its maximum value (at latitude 45◦) is
about 0.1◦.

Fig. 12: Due to the centrifugal force, the free-fall
acceleration g is not directed exactly toward the center of the
earth - see JRT Fig. 9.11
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The Coriolis Force

The Coriolis Force JRT §9.7

When an object is moving, there is a second inertial force to consider, the Coriolis
force

Fcor = 2mṙ ×Ω = 2mv ×Ω. (11.52)
The magnitude of Fcor depends on the magnitudes of v and Ω as well as their
relative orientations. In the case that the rotating frame is the earth, Ω ≈ 7.3 × 10−5

rad/s. An object moving with a velocity of about 50 m/s (a very fast pitch of a
baseball, for example,) with v perpendicular to Ω, would experience an acceleration
of about 0.007 m/s2. This is about one-thousandth as big as g, so the pitch really
isn’t affected in the ≈ 0.5 seconds that the ball takes to cross home plate.

However, projectiles such as missiles and long-range shells travel much faster than
50 m/s, and for them, the Coriolis force is noticeable. Furthermore, there are
systems that move slowly, but for a long time, so that a small Coriolis acceleration
builds up to produce a noticeable effect.
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The Coriolis Force

The Coriolis Force - Direction JRT §9.7

The Coriolis force 2mv ×Ω is always perpendicular to the velocity of the moving
object, with its direction given by the right-hand rule. Figure 13 is an overhead view
of a horizontal turntable that is rotating counter-clockwise relative to the ground;
here, Ω points out of the page. If we consider an object sliding around on the
turntable, it is easy to see that - regardless of the position or velocity - the Coriolis
force always deflects to the object to the right (relative to its instantaneous direction.)
Similarly, if the turntable were turning clockwise, the deflection would be to the left.

We can also imagine figure 13 to represent the northern hemisphere of the earth,
viewed from above the north pole. Thus, we can conclude that the Coriolis effect due
to the earth’s rotation tends to deflect moving bodies to the right in the northern
hemisphere (and to the left in the southern hemisphere.) This effect is important to
long-range snipers, who must aim to the left of their target in the northern
hemisphere (by an amount that depends on the distance and direction to target, as
well as the latitude.)
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The Coriolis Force

The Coriolis Force - Direction JRT §9.7

A second phenomenon that results from the Coriolis effect is that of cyclones .
When air surrounding a region of low pressure moves rapidly inward, the Coriolis
effect causes it to be deflected to the right (in the northern hemisphere), as shown in
Fig. 14; it then begins to circulate - counterclockwise in the northern hemisphere
and clockwise in the southern hemisphere. It has been observed that cyclones
almost never form within 5 degrees of the equator on either side (because the
component of Fcor that leads to circulation is very weak here,) and that they don’t
cross the equator (because the direction of circulation would need to change.) This
is a very simplistic analysis, of course.

Fig. 13: Overhead view of a horizontal turntable that is
rotating counterclockwise relative to an inertial frame - see
JRT Fig. 9.12

Fig. 14: A cyclone is the result of air moving into a
low-pressure region and being deflected by the Coriolis effect
- see JRT Fig. 9.13
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Free Fall and the Coriolis Force JRT §9.8

Now let’s consider the effect of the Coriolis force on a freely falling object, close to a
point R on the earth’s surface. If we are to include the Coriolis force, we must also
include the centrifugal force which is of greater magnitude, so the equation of motion
is

mr̈ = mg0 + Fcf + Fcor. (11.53)
The centrifugal force is m(Ω × r) ×Ω, where r is the object’s position relative to the
center of the earth, but to high precision, we can replace r by R. Thus,

Fcf = m(Ω × R) ×Ω. (11.54)

Then, notice that the first two terms on the right-hand side of eq. (11.53) sum to mg;
in other words, we can eliminate Fcf by replacing g0 by g. All together, the equation
of motion becomes

r̈ = g + 2ṙ ×Ω. (11.55)
The nice thing about this equation is that it does not involve the position r at all, only
its derivatives ṙ and r̈. This means that the equation will not change if we make a
change of origin. We will choose a new origin on the surface of the earth, at the
position R, as shown in Fig. 15. Here, the z-axis points vertically upward (in the
direction of −g) and the x− and y−axes are horizontal, with y pointing north and x
pointing east.
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Free Fall and the Coriolis Force

Free Fall and the Coriolis Force cont’ JRT §9.8

With this choice of axes, we can resolve the equation of motion into its three
Cartesian components. The components of ṙ and Ω are

ṙ = (ẋ , ẏ , ż), and Ω = (0,Ω sinθ,Ω cosθ) (11.56)

Thus, the components of ṙ ×Ω are

ṙ ×Ω = (ẏΩ cosθ − żΩ sinθ,−ẋΩ cosθ, ẋΩ sinθ) (11.57)

and the equation of motion, eq. (11.55), resolves into the following three equations:

ẍ = 2Ω(ẏ cosθ − ż sinθ), ÿ = −2Ωẋ cosθ, z̈ = −g + 2Ωẋ sinθ. (11.58)

Fig. 15: Choice of axes for a free-fall experiment. The
position O is on the earth’s surface. The z-axis points
vertically upward (in the direction of −g) and the x− and
y−axes are horizontal, with y pointing north and x pointing
east (into the page) - see JRT Fig. 9.15
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Free Fall and the Coriolis Force

Free Fall and the Coriolis Force cont’ JRT §9.8

These three equations can be solved using successive approximations that depend
on the “smallness” of Ω. Since Ω is small, we get a reasonable “zeroth-order”
approximation by ignoring it entirely. In this case, the equations reduce to

ẍ = 0, ÿ = 0, z̈ = −g, (11.59)

which are the familiar equations from your introductory physics class. If the object is
dropped from rest from a position (x , y , z) = (0, 0,h), then the solution of these
equations is

x(t) = 0, y(t) = 0, z(t) = h − 1
2

gt2, (11.60)

that is, the object falls vertically down with constant acceleration g.

A “first-order” approximation results from evaluating the equations (11.58), using the
results of the zero-order approximation, (ẋ , ẏ , ż) = (0, 0,−gt). This produces

ẍ = 2Ωgt sinθ, ÿ = 0, z̈ = −g. (11.61)

which can be integrated twice to produce

x(t) =
1
3
Ωgt3 sinθ, y(t) = 0, z(t) = h − 1

2
gt2. (11.62)

Of course, this process can be iterated to produce second- and higher-order
approximations, but the improvement in accuracy is negligible.
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Free Fall and the Coriolis Force

Free Fall and the Coriolis Force cont’ JRT §9.8

From these solutions, we see that something strange is happening - the object
doesn’t fall straight down. Rather, it curves slightly to the east (the positive
x-direction; remember, t is positive.) The extent of the deflection depends on the
latitude - it is zero at the poles and maximum at the equator. To get an idea of the
magnitude of the deflection, consider an object dropped down a 100-meter mine
shaft at the equator. The time to reach the bottom is t =

√

2h/g, and the total
deflection is

x =
1
3
Ωg

(

2h
g

)3/2

(11.63)

=
1
3
× (7.3 × 10−5 s−1) × (10 m/s2) × (20 s2)3/2 ≈ 2.2 cm.

This is small in comparison to the 100 meter drop, but it is certainly measurable.
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Free Fall and the Coriolis Force

Example #2: A Train at the South Pole JRT Prob. 9.25

Problem: A high-speed train is traveling at a constant 150 m/s on a stra ight, horizontal track across the south pole.
Find the angle between a plumb line suspended from the ceilin g inside the train and another inside a hut on the
ground. In what direction is the plumb line on the train deflec ted?

Solution: Notice first that the train is traveling at a constant velocity. If we were to ignore the rotation of Earth, we could safely
argue that the plumb line hangs vertically.

In this case, since we are at the south pole, the centrifugal force is zero:

Fcf = m(Ω × r) ×Ω = m(0) ×Ω = 0, (11.64)

and the Coriolis force is horizontal and to the left of the train, with magnitude Fcor = 2mvΩ. To convince yourself of this fact,
draw a picture of Earth looking at the south pole, and use the right-hand rule.

There are three forces on the mass at the end of the plumb line (see the figure, which shows the plumb line from the rear of the
train). These are: Gravity (directed downward), Coriolis (directed leftward) and tension (directed along the plumb line).

For the plumb line in the hut, there is no velocity and hence no Coriolis force; it hangs straight down. On the train, the angle
with the vertical satisfies the equation

tanα = Fcor/mg = 2vΩ/g. (11.65)

With the values given, this comes out to α = 0.13◦ .

Fig. 16: A plumb line is suspended from a train moving at
constant velocity at the south pole
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Free Fall and the Coriolis Force

Example #3: Coriolis Force and Torque JRT Prob. 9.30

Problem: The Coriolis force can produce a torque on a spinning object. To illustrate, consider a loop of mass m and
radius r , which lies in a horizontal plane at colatitude θ. Now, let the loop spin about its vertical axis with angular
velocity ω. What is the torque on the loop (magnitude and direction) due t o the Coriolis force? Assume that the loop
is constrained to remain in the horizontal plane , otherwise, the out-of-plane rotation screws everything u p.

Solution: This problem is particularly tricky because each portion of the loop has a different direction of velocity as the loop
rotates. This affects the magnitude and direction of the Coriolis force, through the term ṙ ×Ω. Therefore, we need to find the
torque on a differential segment of the loop and then integrate over all such segments.

We choose the usual axes, with x east, y north, and z vertically up, with the origin at colatitute θ. The figure below shows the
hoop as seen from above. Consider first a small segment of hoop subtending an angle dα with polar angle α in the Cartesian
frame. The mass of this segment is dm = (m/2π)dα, and the Coriolis force on it is

dFcor = 2 dm (v ×Ω) (11.66)

where
v = ωr(− sinα, cosα, 0) and Ω = Ω(0, sinθ, cosθ) (11.67)

(the first of these vectors can be seen by the figure, while the second comes about from projecting Ω onto our Cartesian axes
which have an origin at colatitude θ, as in eq. 11.56).

Fig. 17: Geometry of Example #3
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Free Fall and the Coriolis Force

Example #3: Coriolis Force and Torque cont’ JRT Prob. 9.30

The segment’s position vector is r = r(cosα, sinα, 0) and the torque on it is

dΓcor = r × dFcor = 2 dm r × (v ×Ω) (11.68)

= 2(m/2π)dα [v(r ·Ω) −Ω(r · v)] (11.69)

=
mωr2Ω sinθ

π
(− sin2 α, sinα cosα, 0) dα, (11.70)

where the second line makes use of the “BAC-CAB” rule (see inside the back cover of the text.) To find the total torque, we
integrate over α from 0 to 2π. The integral of sin2 α gives π, while that of sinα cosα is zero. Thus, the total torque on the hoop is

Γcor = −(mωr2Ω sinθ)x̂. (11.71)

This vector has magnitude mωr2Ω sinθ. It points to the west (the −x̂ direction in the northern hemisphere (where sinθ > 0)
and to the east the +x̂ direction in the southern hemisphere (where sinθ < 0). As is always the case with the Coriolis force,
there is no torque on the loop if it is located at one of the poles or at the equator.
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The Foucault Pendulum

The Foucault Pendulum JRT §9.9

As a final example of the Coriolis effect, we consider the Foucault pendulum. This is
a pendulum made from a heavy mass m suspended by a light wire from a very tall
ceiling (often several stories high.) It is a spherical pendulum, meaning that it can
swing in both the east-west and north-south directions, and any direction in between.

As observed in an inertial frame, the mass is subjected to two forces, the tension T
in the wire, and the weight mg0. In the rotating frame of the earth, there are also the
centrifugal and Coriolis forces, so the equation of motion in the earth’s frame is

mr̈ = T + mg0 + m(Ω × r) ×Ω+ 2mṙ ×Ω. (11.72)

We can combine the second and third terms on the right-hand side, leaving

mr̈ = T + mg + 2mṙ ×Ω. (11.73)

We will choose our axes as in the previous section, so that x is east, y is north, and
z vertically upward (in the direction of −g.) This is shown in Fig. 18.

Our discussion will be restricted to the case of small oscillations, so that the angle β
between the pendulum and the vertical is always small. This allows us to make the
simplification Tz = T cos β ≈ T ≈ mg.
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The Foucault Pendulum

The Foucault Pendulum cont’ JRT §9.9

Next, we need to examine the x and y components of the equation of motion. From
the figure, by similar triangles, we have Tx/T = −x/L and Ty/T = −y/L . Combining
this with the previous equation gives

Tx =
−mgx

L
, and Ty =

−mgy
L
. (11.74)

The x− and y− components of g are zero, and the components of ṙ ×Ω are identical
to those found in the last section. Putting all of these into the equation of motion -
and dropping a term involving ż, which is much less than ẋ or ẏ for small oscillations
- we are left with

ẍ = −gx/L + 2ẏΩ cosθ, ÿ = −gy/L − 2ẋΩ cosθ. (11.75)

Fig. 18: A Foucault pendulum. The x− and
y−components of the tension are shown - see JRT Fig. 9.16
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The Foucault Pendulum

The Foucault Pendulum cont’ JRT §9.9

Now, the factor g/L is just ω2
0, the natural frequency of the pendulum, and Ω cosθ is

just Ωz , the vertical component of the earth’s angular velocity. Thus, we can rewrite
the equations of motion as

ẍ − 2Ωz ẏ + ω2
0x = 0, ÿ + 2Ωz ẋ + ω2

0y = 0. (11.76)

These equations look a lot like those that describe a two-dimensional isotropic
oscillator. However, in that case, the x− and y−motion was uncoupled. Here, the
motion in x and y is coupled together through the additional Coriolis term.

To solve these equations, we define a time-dependent complex number

η(t) = x(t) + iy(t). (11.77)

Not only does η contain the same information as the position in the xy-plane, but a
plot of η in the complex plane is actually a bird’s-eye view of the pendulum’s
projected position (x , y). Multiplying the second equation in (11.76) by i =

√
−1 and

adding it to the first gives us the single second-order, linear differential equation

η̈+ 2iΩz η̇+ ω
2
0η = 0. (11.78)
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The Foucault Pendulum

The Foucault Pendulum cont’ JRT §9.9

To solve this, we guess a solution of the form η(t) = e−iαt for some constant α.
Substituting this guess into eq. (11.78), we see that it is a solution only if
α2 − 2Ωzα − ω2

0 = 0, or

α = Ωz ±
√

Ω2
z + ω

2
0 ≈ Ωz ± ω0, (11.79)

where the last approximation is valid since the earth’s angular velocity (2π radians
per day) is so much smaller than the pendulum’s (on the order of one radian per
second.)

The general solution to the equation of motion is then

η(t) = e−iΩz t
(

C1e iω0t + C2e−iω0 t
)

. (11.80)

To see what this solution looks like, we need to fix the two constants C1 and C2 by
specifying the initial conditions. Let us suppose that at t = 0 the pendulum has been
pulled in the x direction (east) to the position (x , y) = (A ,0) and is released from
rest. These initial conditions result in C1 = C2 = A/2, and the solution is

η(t) = x(t) + iy(t) = Ae−iΩz t cosω0t . (11.81)

This represents simple harmonic motion with angular frequency ω0, with a complex
envelope that rotates with angular frequency Ωz .
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The Foucault Pendulum

The Foucault Pendulum cont’ JRT §9.9

Because Ωz ≪ ω0, the cosine factor makes many oscillations before the complex
exponential changes appreciably from its initial value of one. Thus, initially x(t)
oscillates with angular frequency ω0 between ±A while y remains essentially zero.
This is shown in Fig. 19(a). However, eventually the complex exponential e−iΩz t

begins to change noticeably, causing the complex number η(t) = x(t) + iy(t) to
rotate through an angle Ωz t . This means that the pendulum continues to oscillate
sinusoidally, but in a direction that slowly rotates with angular velocity Ωz . This is
shown in Fig. 19(b). In the northern hemisphere, the rotation is clockwise, while in
the southern hemisphere, the rotation is counterclockwise.

Fig. 19: Overhead views of the motion of a Foucault pendulum. (a) For a while after being released, the pendulum swings
back and forth along the x axis. (b) As time advances, the plane of its oscillations slowly rotates with angular velocity Ωz - see
JRT Fig. 9.17
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The Foucault Pendulum

The Foucault Pendulum cont’ JRT §9.9

If the Foucault pendulum is located at colatitude θ, then by eq. (11.75), the rate at
which its plane of oscillation rotates is

Ωz = Ω cosθ. (11.82)

At the north pole, Ωz = Ω and the rate of rotation is the same as the earth’s angular
velocity; the plane of oscillation makes a full revolution in exactly one day (although
after 12 hours, it’s back along the x−axis). At the equator, Ωz = 0 and the pendulum
does not rotate at all.

At a latitute of 43◦ (roughly the location of WLU), the plane of the pendulum will
rotate at a rate of about 10◦ per hour, an easily noticeable effect if you’re patient
enough to watch it for a while.
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Coriolis Force and Coriolis Acceleration

Coriolis Force and Coriolis Acceleration JRT §9.10

Recall from chapter 1 that the form of Newton’s second law in 2D polar coordinates
is F = mr̈, where

Fr = m(r̈ − rφ̇2), Fφ = m(rφ̈+ 2ṙφ̇). (11.83)
We are now in a position to understand the last term in each of these two equations
in terms of the centrifugal and Coriolis forces.

Consider a particle that is subject to a net force F and moves in two dimensions.
Relative to any inertial frame S with origin O , the particle must satisfy the above two
equations. Now, consider a noninertial frame S′ which shares the same origin O and
is rotating at constant angular velocity Ω, chosen so that Ω = φ̇ at one chosen time
t = t0. That is, at the chosen instant t0, the frame S′ and the particle are rotating at
the same rate (for this reason, the frame S′ is called the co-rotating frame.) If the
particle has polar coordinates (r ′, φ′) relative to S′, then at all times r ′ = r and
φ′ = 0. Newton’s second law can be applied in the frame S′, provided that we
include the centrifugal and Coriolis forces. That is,

F + Fcf + Fcor = mr̈′. (11.84)
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Coriolis Force and Coriolis Acceleration

Coriolis Force and Coriolis Acceleration cont’ JRT §9.10

We can rewrite this equation in polar coordinates. The centrifugal force Fcf is purely
radial, with radial component Fr = mrΩ2 (remember that r ′ = r , so it makes no
difference which symbol we use.) The Coriolis force Fcor is 2mv′ ×Ω, and since v′ is
purely radial in the co-rotating frame, Fcor is in the φ′ direction with φ′ component
−2mṙΩ.

All together, we have the equation of motion of the particle in the co-rotating frame,

F + Fcf + Fcor = mr̈′ →
{

Fr + mrΩ2 = mr̈
Fφ − 2mṙΩ = mrφ̈.

(11.85)

We can compare eqns. (11.83) for the inertial frame and (11.85) for the co-rotating
frame. It is important to recognize that because Ω = φ̇, they are exactly the same
equations - the only difference being that certain terms are expressed as
accelerations in the inertial frame and as forces in the co-rotating frame.
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